Introduction. Ursell and Young [5] , in their study of the theory of prime ends developed by Carathéodory [1] , studied the structure of prime ends in detail, as well as the relationships between the prime-ends of complementary domains. In their introduction, they remark that It is strange that such a beautiful theory has hardly been touched by subsequent advances in plane topology, covering a period of thirty-five years. More than 50 years on, this remark is still as valid. Even though prime ends are now a standard topic in both geometric function theory and holomorphic dynamics, further investigations of their structure are rare, and even the results of [5] are not widely known. In view of the special interest in local connectivity which has arisen in complex dynamics, this note demonstrates how the ideas of Ursell and Young can be used to obtain the following little result, which does not seem to appear in the literature. For definitions, see below.
Theorem. Let U ⊂ C be a simply connected domain, and let p be a prime end of U . Then the impression I(p) contains at most two points at which ∂U is locally connected. More precisely, each wing of p contains at most one such point.
For our purposes, we will introduce the theory of prime ends in the spirit of cluster sets. For the classical, topological definitions, and proofs of the claims made here, see e.g. [4, Chapter 2] or [2, Chapter 17].
Prime Ends. Let U ⊂ C be a simply connected domain. Then by the Riemann Mapping Theorem, there exists a biholomorphic map φ : D → U . If θ ∈ R/Z, then the class of all curves γ : [0, 1) → U with lim t→1 φ −1 (γ(t)) = e 2πiθ is called a prime end p of U . The impression I(p) of the prime end is the largest limit set of a curve in p, or equivalently the set of accumulation points of φ(z) for z → e 2πiθ . Similarly, the set of principal points Π(p) is the smallest accumulation set of a curve in p, or equivalently the set of accumulation points of φ(z) as z → e 2πiθ non-tangentially. 1 In [5] , the notion of the left and right wings of a prime end were introduced. A curve γ ∈ p lies to the left of p if, for t large enough, θ−1/2 < arg(φ −1 (γ(t)))/2π < θ in the cyclic order of R/Z. Any accumulation point of such a curve is said to belong to the left wing of p. If a, b belong to the left wing of p, then we say that a has priority over b, or a ≺ b, if every curve approaching the prime end from the left which accumulates at b also accumulates at a. The analogous definitions are made for the right wing of p. Note that every curve in p accumulates at Π(p) and thus any principal point lies in both wings and has priority over all other points.
LASSE REMPE
Proposition ( [5] ). Let a, b belong to the same wing of the prime end p. Then either a ≺ b or b ≺ a.
Local Connectivity. A Hausdorff space X is called locally connected at a point x ∈ X if this point has arbitrarily small connected neighborhoods. X is called locally connected if this is true for all points. By Carathéodory's theorem, local connectivity of ∂U is equivalent to every prime end impression consisting of a single point, or in other words to φ extending continuously to ∂U . However, it is not true that local connectivity of ∂U in a point z is equivalent to every prime end impression containing z being trivial. It is easy to see that the boundary cannot be locally connected in any point of Π(p) unless I(p) is trivial. A continuum cannot be non-locally connected just at a single point [3, Corollary 5 .13]; for ∂U this is an immediate consequence of our theorem.
Proof of the Theorem. Suppose, by contradiction, that a and b are points in, say, the left wing of p and that ∂U is locally connected at both of these points; then a, b / ∈ Π(p). By the result of Ursell and Young, one of these points has priority over the other; let us suppose without loss of generality that a ≺ b and that a, b = ∞. Let γ : [0, 1) → U be a curve to the left of p which accumulates at a and b.
By the definition of local connectivity, we can find δ > 0 and a compact connected set K ⊂ ∂U containing a such that diam(K) < ε := dist(a, Π(p) ∪ {b})/2 and D δ (a)∩∂U ⊂ K. If [t 1 , t 2 ] is an interval with γ(t 1 ), γ(t 2 ) ∈ ∂D ε (a) and γ (t 1 , t 2 ) ⊂ D ε (a), then K ∪ D δ (a) does not separate γ(t 1 ) and γ(t 2 ) in U ∩ D ε (a). Thus we can redefine γ on (t 1 , t 2 ) in such a way that γ (t 1 , t 2 ) ⊂ D ε (a) \ D δ (a). Doing this for all such intervals, we obtain a curve γ accumulating at b but not at a. It is easy to see that γ still lies to the left of p, contradicting the fact that a ≺ b. Remark. By the Collingwood symmetry and maximality theorems [4, Propositions 2.21 and 2.23], it follows that there are at most countably many prime ends whose impression contains two points of local connectivity, and the prime ends with |I(p)| > 1 which contain any points of local connectivity form a set of first Baire category.
